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L B w '
bbb 1. Context: Detection and analysis of seismic events N ,

Global scale Regional scale Local scale
m International treaties (CTBT, NTP) m  Tsunami and earthquake alerts m  Subsurface knowledge
m  Environment monitoring (IMS) m  Risk prevention m  Exploitation

[ARERZN 12,22
_ B | F: forward model
N S: source parameters
R NN d: data )
1 ’ - = N N P N
tig tos NV o :
» i f _ \ / [ N \
R3J A O A i ,
= oo R A~ 5 Objective: retrieve S from d
\\ \ R ,/v /; | (o) I I !
NN A A m fast
N o XN - R m accurately
R N S m  with uncertainties )
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oo 1. Context: Inverse problem

Forward problem
SRR E NI, Solver, F(S,m) =d Observations d

Inverse problem
ill-posed, S|d ?

dObS _ dsim + Eu\»\ _|_ esim

ghum +Em0d _’_Epar

Uncertainty sources: observations, physical model, model parameters,. ..
Objective: improve uncertainty quantification of model parameters

Tarantola, SIAM, 2005; Noble et al., GJI, 2014
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oo 1. Context: Inverse problem

Forward problem

Solver, F(S,m) = d Observations d,
Source parameters S

Model parameters m

Inverse problem

jll-posed, m|d,S ?

dobs _ dsim + +€sim

ghum +Em0d +Epar

Objective: to characterize the velocity field m and its uncertainty from indirect observations d
= to find the probability distribution of the field knowing the observations mpos; (m|d°™)

Tarantola, SIAM, 2005; Noble et al., GJI, 2014
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A 1. Context: Bayesian inference and Markov chain Monte Carlo

p . () Forward model Comparison
L I — —>
roposition m Solver F(m;S) =d d versus d°™ (data)

—_—
Bayes' rule: mpost(m|d®™) oc £(d°"*|m) prior(m)

J

Accept/Reject criterion

New iteration
i+—i+1

P(m|d°>)
P(m|d°bs)

min

Sivia and Skilling, Oxford, 2006; Doucet et al., Springer NY, 2013
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A 1. Context: Bayesian inference and Markov chain Monte Carlo

p . 0 Forward model Comparison
— %

m infinite di%%ﬂgiﬂzgn 7 Solver F(m;S) =d d versus d°™ (data)

— dimension reduction Bayes' rule: Wpost(m|d0bs) x E(dObs‘m) Wprior(m)

Q 'small’ dimension

Q fixed dimension l

A allowing for various shapesJ . .
New iteration

i+—i+1

Accept/Reject criterion

P(m]debs)
P(m]d®s)

‘mn

Sivia and Skilling, Oxford, 2006; Doucet et al., Springer NY, 2013
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LB B w :
o0 1. Context: Bayesian inference and Markov chain Monte Carlo N ,

P - 0 Surrogate model { Comparison

roposition m - obs

m infinite dimel:lsional Polynomial chaos F(m) =3, , faW.(m) = d [ d versus d°™ (data)
—

— dimension reducti - e -
a ,Sr;m,e:iif:si;ne uction Bayes' rule: mpost(m|d®™®) oc L(d°”%|m) Tprior(m)

0 fixed dimension J{
Q allowing for various shapesJ

New iteration
i+—i+1

Accept/Reject criterion

P(m|d°b<)
Pmlat?)

min

Sivia and Skilling, Oxford, 2006; Doucet et al., Springer NY, 2013
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%S 2. Field parametrization: spatial mesh

Parameters: {m;}1<i<n

X /Vmeshes

s Vx € [xi, xit1], m(x) = m; J

XEQ

% "small" dimension

o« fixed dimension

mix) o allowing for various shapes
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... 2. Field parametrlzatlon Layered velocity model “w w

Vx € [xi, Xix1], m(x) = m; J

Parameters: {m,-, X,'}lg,'g Niayers

XEQ

o« "small" dimension
o« fixed dimension

mix) ¥ allowing for various shapes

Sochala et al., GEM, 2021
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> 2. Field parametrization: vorono tesselation A ‘ﬂ‘?

Vx € V(xi), m(x) = m;
Parameters:
{mi, xibr<isheens U Neens

A——

XEQ
——4

—

o "small" dimension
A fixed dimension

o allowing for various shapes

Bodin et al., GJI, 2012; Piana Agostinetti et al., GJI, 2015; Belhadj et al., Inverse Problems, 2018
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> 2. Field parametrization: vorono tesselation

—

y [ ¢
Ll
r 1
mix) m(x)
(a) Add a layer (b) Change a value
i
h ]
; | N | [
T T
m(x) m(x)
(c) Change a depth (d) Remove a layer
Bodin et al., GJI, 2012; Piana Agostinetti et al., GJI, 2015;
cea UQSAY #77 - POLETTE Nadage

Vx € V(xi), m(x) = m;
Parameters:
{mj, xi b 1<i<ens U Neells

o "small" dimension
X fixed dimension

o allowing for various shapes

Belhadj et al., Inverse Problems, 2018
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... 2. Field parametrlzatlon Modal representation “w w

Vx, m(x) = Z:: Ui(x)w;

Parameters: {w;}i<i<r

XEQ

o "small" dimension

o fixed dimension

@ allowing for various shapes

Marzouk and Najm, JCP, 2009
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YN w
... 2. Field parametrlzatlon Karhunen-loéve decomposition

Assuming m is the realization of a random process with autocovariance function k,
m ~ GP(0, k)

= Z \/)Tiui(x)ni

(M, ui)igi<r eigenelements of k: (k(x,-), u;) = / k(x,y)ui(y)dy = Aiui(x)
The decomposition is bi-orthonormal: !
m (U, up) =0
m E(n;) =0 and E(n;n;) = d;
In the case of a Gaussian process, n ~ N(0,1,)

Karhunen, Ann. Acad. Sci. Fenn., 1946; Loeve, Springer NY, 1977; Marzouk and Najm, JCP, 2009
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RN
... 2 Fleld parametrlzatlon Karhunen-loéve decomposition N ’

Assuming m is the realization of a random process with autocovariance function k,
m ~ GP(0, k)

= Z \/X'Ui(x)ni

Karhunen, Ann. Acad. Sci. Fenn., 1946; Loeve, Springer NY, 1977; Marzouk and Najm, JCP, 2009
UQSAY #77 - POLETTE Nadege 31/10/2024 13



NN NANRN
... 2 Fleld parametrlzatlon Karhunen-loéve decomposition w

. 0 Surrogate model Comparison
Proposition n Polynomial chaos F(n) = >, 4 faVa(n) = d| d versus d° (data)
m ~ GP(0, k) —_—
y 3 obs obs .
o 'small’ dimension Bayes rule: ﬂ’pOSt(n‘d ) x £(d |"7)\7Tpr10r(77)’
W fixed dimension l n~N(0,1,)
& allowing for various shapes . .
Ngw |t<'arat|on Accept/Reject criterion
i+—i+1

P(m]d°??)

P(m]d°bs)

Problem: how to choose k ?

UQSAY #77 - POLETTE Nadége 31/10/2024 14
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% 3. Change of measure: objective A ‘i‘ﬁ’

m Squared exponential autocovariance function: k(x,y) = Aexp (— Ix —yl? /(2/2)>

m Hyperparameters g = {A, [} = m(x E VA

Large /

UQSAY #77 - POLETTE Nadége 31/10/2024 15



% 3. Change of measure: objective A w

m Squared exponential autocovariance function: k(x,y) = Aexp (— lx = ylI? /( 2/2

r

= Hyperparameters g = {A, 1} = m(x) = 3 v/A(@)ui(x. q)n
i=1

m  Hyperparameters are determined a priori
— expert judgement, MSE, LOOCV. ..
Overconfidence risk

Field realizations

m  Hyperparameters are inferred during the procedure
— Bayes' rule:

7Tpost(na Q‘dObS) X ‘C(dObSm, Q)T"prior(na q)
Expensive

Objective: develop a cheap method to take into
account hyperparameters

Small /

Rasmussen and Williams, The MIT Press, 2005; Pion and Vazquez, LOD 2024, 2024
Tagade and Choi, /IPSE, 2014; Sraj et al., CMAME, 2016
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O 3. Change of measure: Reference basis

Reference kernel
; = / k(a B q)ﬂ'prior(q)dq
H

Reference basis (A;,7;),_,_, — eigenelements of k: / k(x,y)ui(y)dy = \t;(x)
SIS Q

Field decomposition

mi) = 3 A0

Hierarchical Bayes formulation

Tpost (éa q|d0bs) X ﬁ(d0b5|€)77prior(€a q) = L(dObs|£)7rprior(€‘q)7rprior(Q)

= The g-dependency is transferred to the prior law of the coordinates &

Sraj et al., CMAME, 2016; Polette et al., in Rev., 2024

cea UQSAY #77 - POLETTE Nadége
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... 3. Change of measure: Reference basis
The field decomposition writes m(x Z NoX (X)&i, € ~ Tprior (| q)

§A §A § ‘
—
Reference decomposition: &; + & %

xxxxx

éi §/L é‘
& & &

How to define 7,0 (£]q) ?

Large\L’\ﬁ

Small /

UQSAY #77 - POLETTE Nadége 31/10/2024 18



2 3. Change of measure: Formulation

Prior law of the reference coordinates according to the hyperparameters

m) = S VREOE, €~ N (0,5(a)) with (@) = (W)™

1—1

2 <<k('7 "y q)7 Ei) s Hj)

Y (q) is the double projection of the g-dependent kernel on the reference basis

10" ]
1

- 10" 3
107 3
10 . 1073
< = E
10 R
—m- k(/=10) 10 3
—11 | 3
10 —e— k(I=50) E
107 - —A— k(/=100) 102 o
—— Kk 3

T T T T T T T T T T T T T T

0 10 20 30 40 50 60 0 10 20 30 40 50 60

Eigenvalue number i Eigenvalue number i
(a) Eigenvalues decay according to the basis (b) Variance of ¢ according to /

Polette et al., in Rev., 2024
UQSAY #77 - 'POLETTE Nadege 31/10/2024 19



2 3. Change of measure: Formulation
Objectlve. Find mprior(€]q) such that

r +oo
Z \ A& ~ Z V(@) u(g)n;
i=1 j=1
Projection on the reference modes:
[gl Z \/ UJ a U

Since 7 ~ N(0,1), & is Gaussian with E(€) = 0 and, using Mercer's theorem,

+oo
XIXJ 2 < /\k(Q)Uk(X7Q)Uk(y7 q)a ui>a uj>

k=1

>
>|

i

“(q); = E(&&) = (\iy)
= ()"

J

((k(-,-,q), Ti), T))

Polette et al., in Rev., 2024
g UQSAY #77 - POLETTE Nadge 31/10/2024 20



% 3. Change of measure: sampling A w %

Hlerarchlcal sampling: & ~ N(0,X(q)), the prior distribution of € can be highly sensitive to g

= Introduction of an auxiliary variable ¢
whose prior law does not depend on

06 hyperparameters

0.4 - m Sample ¢ ~ N(0,1,), g

02 m Compute & ~ N(0,X(q)) from
& 001 (€. a).

-02 - £= z(q)l/zc

04 The proposition is not symmetric anymore

0.6 Ratio of the transition probabilities:

0 -0s 00 05 10
o p (€7l a) ( det (5(q) )

Y (q) covariance projected on (£4,&;5) Pt (5*7 q*|£(n)> q(n)> det (Z(q(")))

Betancourt and Girolami, arXiv, 2013
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o 3. Change of measure: summary A w
m(x) = 32 Rm(x)g, with € ~ A0, 7(a))

P . @ ) Surrogate model Comparison

m infinite g?rﬁg:;ité?]glg ) Polynomial chaos F(&) = d| " d versus d°™ (data)

— dimension reduction Bayes' rule: mpou (€ \dObS) O(‘,C(dObS|£)\7T or(€1a)Torior (@)
o 'small’ dimension y * Tpost(S, g prior(§|q)Tprior (g
o fixed dimension

o allowing for various shapesJ New iteration

R Accept/Reject criterion

m(x)

XEQ
UQSAY #77 - POLETTE Nadége
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NN w
oo 4. Surrogate model: Polynomial chaos expansion N N A

Polynomial chaos expansion (PCE)

F&)=Y fv.)=d

acA

m A: set of multi-indices e.g. {(0,1,0);(2,0,0);(1,0,3)} /\/

m V. product of orthonormal umvarlate polynomials:

-3 2 -1 0 1 2

\Ua al) 731 H wal ! h
m f,: coefficients to compute :Zu
m PCE also used to approximate log det (X(q)), i

T(q)"Y2, X(q)V/? Example with Hermite polynomials

and « = {1,3,0}

UQSAY #77 - POLETTE Nadége
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o 4, surrogate model: Polynomial chaos expansion

Polynomial chaos expansion (PCE)

F&)=Y fv.)=d

acA

Non intrusive ordinary least squares approach
m Training set {5(")}1@,@\/ ~ Tprior(§), N >> K = | A|
1 N
m Training evaluations U = (F(f( ), ..., F(g )))

m  Polynomial evaluations at training points W € RNVxK,
vy = (€")

m Vector of coefficients £ = (f,..., )

F=(wTw) Wy

UQSAY #77 - POLETTE Nadége

# Polynomials.
g g

Number of polynomials according
to surrogate degree n, (r = 10)

Full tensorization: max(n, ;) < no
Partial tensorization: ), no i < no

31/10/2024 24



NN w
4. Surrogate model: Adaptive construction

Initial construction: does not ensure that the error on the posterior subspace is bounded
~ 2
Objective: minimize error E (HE(E) - E(E)H >

Adaptive workflow:
m Initial surrogate L£O with X© = {5(")}1@@, ~ Tprior
m While Convergence not achieved
® MCMC with 70,
mi—i+1 )
m Update training set: X() = X(i_l)\X{I<7<1<)n, u {6(")}1<,,<,,3
m Update surrogate using centered rescaled training set

Convergence check: surrogate quality

Lucor and Le Maitre, ESAIM: Proceedings and Surveys, 2018

UQSAY #77 - POLETTE Nadége 31/10/2024
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.... 5. Results: case presentation

Position (m)
100 200 300 400
0 L ! 1

-100 :

-200 |
= H
£ -800 4 — True field H
x N H
£ -400 4 Receptors :
3 A Sources M
S -500

-600 4

700] 4 4 s s a

T T T T T
1000 1500 2000 2500 3000 3500
Velocity field v (m.s™1)

T
0 500

m Based on a realistic velocity model (Amoco Tulsa Research Lab)
m 2D velocity field, varies only along depth
m Q =[0,750]m, 23 stations X 5 events, noise level 0.002s

m  Velocity field: v(x) =exp [ u+ Z fu (x)&i

i=1

m [~ U(10,100), A~ IG(21,1), r = 20, pu ~ U(6.9,8.1)

UQSAY #77 - POLETTE Nadége

Depth x (m)

Depth x (m)

\\w

Posmcn 1m)
100
Py L s
100 4
200
300 4 — True field
Receplors.
400
07 4 Sources
500
600
S PP
T T T T T
0 500 1000 1500 2000 2500 3000 3500
Veloity field v (m. s™)
Position (m)
100 200 300 400
Py L s
100 4
200
300 4 — True field
Receplors.
400
07 4 Sources
500
600
S PSP S

0

T T T T T T
500 1000 1500 2000 2500 3000 3500
Velocity field v (m. ™)
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...‘ 5. Results: with fixed hyperparameters

Small wavelength field Large wavelength field
o o
-100 100
-200 4 200
= — — — True field
I 10 E 3004 E 1309 pedian
= = Q01 - 99%
7 00 B 74007 s Q05 -95%
& ] o wap
-500 -500 -
~600 -600 -
=700 4 =700
o 500 1000 1500 2000 2500 3000 3500 o 500 1000 1500 2000 2500 3000
Velocity field v (m. s™1) Velocity field v (m. s™1)
o o
-100 4 100 -
/ -200 - -200
= 80 — — True field — — True field
E 7309 pedian E 7309 pedian
= Q01-99% = Q01 - 99%
B 74007 s Q05 -95% B 74007 e Q05 -95%
a - MAP a - MAP
-500 -500 -
-600 - -600
=700 4 =700
o 500 1000 1500 2000 2500 3000 3500 o 500 1000 1500 2000 2500 3000 3500

Velocity field v (m. s™) Velocity field v (m. s™)

= Using the same basis for both fields does not allow to distinguish them

UQSAY #77 - POLETTE Nadége 31/10/2024 27



...‘ 5. Results: with the change of measure method

Small wavelength field Large wavelength field
0 0

-100 - -100 -

-200 -200 -
= 300 4 —— True field = -300 4 —— True field
§, === Median § === Median
x Q01 -99% x Q01-99%
B 4007 s Qo5 - 95% 8 4007 s o5 - 95%
oy ° D °
[ [= N

-500 -500 —

-600 - -600 -

~700 ~700

0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500
Velocity field v (m.s~1) Velocity field v (m.s™1)
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.... 5. Results: with the change of measure method

Small wavelength field Large wavelength field
—— Prior 0.035 —— Prior
N Post. B Post.
0.030
0.025
“ L 0020
a a
o o
0.015
0.010
0.005
0.000 -
20 40 60 80 100 20 40 60 80 100
Corr.Length distribution Corr.Length distribution
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¢ Application to a steady state diffusion equation A w

m Forward model: -V - (kVu)="f
m Objective: Find 705t (K|dobs), With dons = {u(si) }1<i<n,,.
m Prior parametrisation:
m logr ~ N(0, k)
m k anisotropic Gaussian autocovariance function — k(x,y) = Aexp (—%(X —y) T K(x — y))
1/ 0 -
0 1//22> R(0)
m A~1G(3,1), h ~U(0.1,0.6), L ~1(0.1,0.6), 6 ~U(0,7/2)

with K = R(0)

b

(a) True field (b) Parametrization
UQSAY #77 - POLETTE Nadege 31/10/2024 30



¢ Application to a steady state diffusion equation “ w

m Forward model: -V - (kVu)="f
m Objective: Find 705t (K|dobs), With dons = {u(si) }1<i<n,,.
m Prior parametrisation:

m logr ~ N(0, k)

m k anisotropic Gaussian autocovariance function — k(x,y) = Aexp (—%(X —y) T K(x — y))
. B 1/ 0 -

with K = R(6) ( 0 1/ R(6)

B A~IG(3,1), h ~U(0.1,0.6), h ~1(0.1,0.6), 8 ~U(0,/2)

NNN

(a) True field (b) Mean posterior field (c) Std posterior field
UQSAY #77 - POLETTE Nadege 31/10/2024 31




¢ Application to a steady state diffusion equation N w
m Forward model: —V - (kVu)="f
m Objective: Find 705t (K|dobs), With dons = {u(si) }1<i<n,,.
m Prior parametrisation:
m logk ~ N(0, k)
m k anisotropic Gaussian autocovariance function — k(x,y) = Aexp (—%(x —y)TK(x — y))

with K = R(0) <1{)’1 1;’/22) R(0)T

B A~IG(3,1), h ~U(0.1,0.6), h ~1(0.1,0.6), 8 ~U(0,/2)

POF

01 02 os o6 05 o5

03 04 00 02 04 06 08 10 12 14 16
 distribution

3 o
b distribution 8 distribution

(a) h marginal post. distribution (b) k marginal post. distribution

(c) 6 marginal post. distribution
@ UQSAY #77 - POLETTE Nadage 31/10/2024 32



Conclusion
m  Change of measure: efficient method for field inference
m Dimension reduction
m Flexible a priori parametrization — model exploration
m Without large computational cost increase
N. Polette, O. Le Maitre, P. Sochala, A. Gesret, Change of Measure for
Bayesian Field Inversion with Hierarchical Hyperparameters Sampling, in
Rev. in JCP

= Uncertainty propagation to other quantities (e.g. location)

m  Work in progress: development of adaptive methods

m Adaptive PC using posterior sampling
m Informed modes L Non-informed modes

m A posteriori dimension reduction
Thank you !

nadege.polette@minesparis.psl.eu

Keywords: inverse problem, (hierarchical) Bayesian inference, surrogate

models, MCMC, dimension reduction, KL decomposition
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