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Context
Detection and analysis of seismic events

Global scale
� International treaties

(CTBT, NTP)
� Environment monitoring

(IMS)

Local scale
� Knowledge of subsurface
� Exploitation

Regional scale
� Tsunami and seism alerts
� Risk prevention

S1
S2

R1

t1,1, t2,1

R2

t1,2, t2,2

R3
t1,3, t2,3
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Context: seismic tomography

Velocity field f Forward modelM(a) Arrival time dobs

Forward problem

(a) Eikonal solver [Noble et al., 2011]

Objective: Estimation of a field (i) accurate, (ii) with
uncertainties, (iii) fast
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Bayes formulation

Bayes rule: ppost(f |dobs) ∝ L(dobs|f )πF (f ).

Markov Chain Monte–Carlo algorithm:
First proposal

f (0)

Proposal evaluation

f (n)

π Prior

M(f) Model solve

L
(
dobs|f

)
Likelihood

ppost
(
f |dobs

)
Posterior

Metropolis�Hastings criterion

Iteration n

n← n+ 1

⇒ Evaluation ofM ?
→ Polynomial chaos surrogate [Marzouk et al., 2009].
Representation of f ?
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Representation of the field

(a) Nodal representation (b) Modal representation

7 Large number of parameters
(expensive)

7 Interpolation needed
3 Easy to implement

3 Few number of modes
3 Defined on all the spatial

domain
⇒ Implementation ?
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Karhunen–Loève decomposition
f (x) is seen a particular realization of a Gaussian process
G ∼ N (0, k), where k is the autocovariance function [Karhunen,
Loève, 1946, 1977].

f (x) = G(x, θ) '
r∑

i=1
λ

1/2
i ui (x)ηi (θ), with ηi = λ

−1/2
i 〈ui ,G〉Ω

� (ui , λi )i∈N∗ eigenelements of k:

〈k(x, ·), ui〉Ω :=
∫

Ω
k(x, x ′)ui (x ′)dx ′ = λiui (x)

� Bi-orthonormality of the decomposition:
� ∀i , j ∈ N∗, ui , uj orthonormal, 〈ui , uj〉Ω = δi,j ,
� η := (ηi )16i6r ∼ N (0, Ir )

⇒ ppost(f (η)|dobs) ∝ L(dobs|f )π(η).
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Karhunen-Loève decomposition

ONLINE

f

π

M(f)

L
(
dobs|f

)

ppost
(
f |dobs

)

� Representation of f ?

� Evaluation cost ofM ?
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Karhunen-Loève decomposition
OFFLINE

k (λk, uk)16k6r Gr(x, θ) =
r∑

k=1

λ
1/2
k ukηk(θ) M̃(η) =

P∑
κ=0

Mκψκ(η)
K�L decomposition PC surrogate

ONLINE

η

π

f(η) M̃(η) =
P∑
κ=0

Mκψκ(η)

L
(
dobs|f

)

ppost
(
f(η)|dobs

)

� f (η) =
r∑

i=1
λ

1/2
i uiηi with ηi = λ

−1/2
i 〈ui ,G〉Ω

� M̃(η) =
∑
κ Mκψκ(η)

� In reality, k depends on hyperparameters q ∈ H:
G ∼ N (0, k(q))
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Hyperparameters dependency
OFFLINE

k (λk, uk)16k6r Gr(x, θ) =
r∑

k=1

λ
1/2
k ukηk(θ) M̃(η) =

P∑
κ=0

Mκψκ(η)
K�L decomposition PC surrogate

ONLINE

η

π

f(η) M̃(η) =
P∑
κ=0

Mκψκ(η)

L
(
dobs|f

)

ppost
(
f(η)|dobs

)

� f (η,q) =
r∑

i=1
λi (q)1/2ui (q)ηi with ηi = λi (q)−1/2 〈ui (q),G〉Ω

� M̃(η,q) =
∑
κ Mκψκ(η,q)

� In reality, k depends on hyperparameters q ∈ H:
G ∼ N (0, k(q))
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Hyperparameters dependency
OFFLINE

Grq(x, θ) =
r∑

k=1

λ(q)
1/2
k u(x, q)kηk(θ) M̃(η, q) =

P∑
κ=0

Mκψκ(η, q)
PC surrogate

ONLINE

q

η

π

f(η, q)

k(q) (λk(q), uk(q))16k6r

M̃(η, q) =
P∑
κ=0

Mκψκ(η, q)

L
(
dobs|f

)

ppost
(
f(η, q)|dobs

)

� f (η,q) =
r∑

i=1
λi (q)1/2ui (q)ηi with ηi = λi (q)−1/2 〈ui (q),G〉Ω

� M̃(η,q) =
∑
κ Mκψκ(η,q)

� Eigenvalue problem at each iteration + difficulties to build M̃
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Reference basis [Sraj et al., 2016]

∀x, x ′ ∈ Ω, k(x, x ′) := EH(k(x, x ′, ·)) :=
∫
H

k(x, x ′,q)πH(q)dq,

The reference eigenelements {ui , λi}i∈N∗ , are solution of the
reference eigenvalue problem:

∀x ∈ Ω, ∀i ∈ N∗,
∫

Ω
k(x, x ′)ui (x ′)dx = λiui (x).

The representation basis does not depends on q anymore.
New field representation is obtained by coordinates transformation:

f (x) ' f̂ r (x) :=
r∑

j=1
λ

1/2
j uj(x)η̂j(q, θ),

where η̂j(q, θ) :=
r∑

i=1
λ
−1/2
j

〈
λi (q)1/2ui (·,q), uj

〉
Ω︸ ︷︷ ︸

:=bij (q)

ηi (θ)
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Reference basis
OFFLINE

k
(
λk, uk

)
16k6r Ĝr(x, θ) =

r∑
k=1

λ
1/2

k ukη̂k(θ) M̃(η̂) =
P∑
κ=0

Mκψκ(η̂)
K�L decomposition PC surrogate

ONLINE

q

η

π

η̂j =
r∑
i=1

bij(q)ηi

k(q) (λk(q), uk(q))16k6r b(q)

M̃(η̂) =
P∑
κ=0

Mκψκ(η̂)

L
(
dobs|f

)

ppost
(
f(η, q)|dobs

)

� f (η,q) =
r∑

i=1
λ

1/2
i ui η̂i with η̂j(q, θ) :=

r∑
i=1

bij(q)ηi (θ)

� M̃(η̂) =
∑
κ Mκψκ(η̂)

� b̃ difficult to build + physical sense [Sraj et al., Siripatana et al.,
2016, 2020]
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Change of measure
Change of coordinates: Sample (η,q)

f (x) ' Ĝr (x, θ) =
r∑

i=1
λ

1/2
i ui (x)η̂i (θ) with η̂j(q, θ) =

r∑
i=1

bij(q)ηi (θ)

ppost(f (η,q)|dobs) ∝ L(dobs|f (η,q))π(η)π(q).

Change of measure: Sample (ξ,q)

f (x) ' Gr (x, θ) :=
r∑

i=1
λ

1/2
i ui (x)ξi (θ) with ξ ∼ N (0,Σ(q))

ppost(f (ξ)|dobs) ∝ L(dobs|f (ξ))π(ξ|q)π(q).
The q-dependency is transferred to the coordinates law. The
covariance matrix Σ(q) writes:

∀1 6 i , j 6 r , ∀q ∈ H, Σij(q) := (λiλj)−1/2 〈〈k(·, ·,q), uj〉Ω , ui
〉

Ω .
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Workflow
OFFLINE

k
(
λk, uk

)
16k6r Gr(x, θ) =

r∑
k=1

λ
1/2

k ukξk(θ) M̃(ξ) =
P∑
κ=0

Mκψκ(ξ)
K�L decomposition PC surrogate

ONLINE

q

ξ/η

π

k(q)Σ(q)

ξ ∼ N (0,Σ(q))
η̂j =

r∑
i=1

bij(q)ηi

(λk(q), uk(q))16k6r b(q)

M̃(ξ/η̂) =
P∑
κ=0

Mκψκ(ξ/η̂)

L
(
dobs|f

)

ppost
(
f(ξ/η, q)|dobs

)

(CoC)

� f (η,q) =
r∑

i=1
λ

1/2
i ui η̂i

� η̂j(q, θ) =
r∑

i=1
bij(q)ηi (θ)

� b(q) ambiguous along q

(CoM)

� f (ξ) =
r∑

i=1
λ

1/2
i uiξi

� ξ ∼ N (0,Σ(q))

� Σ is smooth along q
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Polynomial chaos surrogates
At each iteration, computation ofM(f ) and

log ppost(f |dobs) ∝ logL(dobs|f ) + log πH(q) + log π(ξ|q)

L(dobs|f ) depends onM(f )
ξ ∼ N (0,Σ(q)) depends on Σ−1/2 and logdetΣ

Polynomial chaos surrogates: Q(ζ) ' Q̃(ζ) =
∑

a∈A
caPa(ζ).

Quality assessment:
� Accuracy: use of RRMSE

RRMSE(Q, Q̃) =

√√√√∑N
i=1 ‖Q(i) − Q̃(i)‖2∑N

i=1 ‖Q(i)‖2
.

� Cost reduction: speed (speed-up factor) and number of exact
evaluations
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Transient diffusion equation (WIP)

∂U
∂t = ∂

∂x

(
f ∂U
∂x

)
.

Objective: comparison with (CoC) method

Finite numerical inaccuracy
For some q, the magnitude of eigenmodes quickly decays.
(CoC) bij(q) set to 0 if λr/λ1 < κ  r = 15, 7 modes are really
inferred.
(CoM) choose r such that minq∈H λr (q)/λ1(q) > κ  r = 7
sufficient to explain more than 99.8% of the field variance.
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Application to seismic tomography

Application case: 1D section of Amoco model [O’Brien et al., 1994] and
location of stations

dobs: time of arrival, with noise level α = 0.001s
r = 20, q = {A, `}
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Application to seismic tomography

(a) Reference basis (b) `MAP = 34

(c) ` = 10 (d) ` = 80

Comparison of inference results for different basesN. Polette - PFE Presentation 23/02/23 15



Conclusion
� Inference method allowing uncertainties estimations while

remaining tractable
� WIP: comparison of results for transient diffusion equation,

draft article
� Next: Reinference using a posteriori as prior; Extension to

source location by using EOF

Thank you !
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