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QU p
Context w \‘:‘:‘

Detection and analysis of seismic events

Global scale Regional scale
m International treaties m  Tsunami and seism alerts
(CTBT, NTP) m Risk prevention
m Environment monitoring
(IMS)

Local scale

m  Knowledge of subsurface

m  Exploitation

g N. Polette - PFE Presentation 23/02/23 1



Context: seismic tomography

Velocity field f Forward model M)

(3) Eikonal solver [Noble et al., 2011]

g N. Polette - PFE Presentation

Arrival time d°Ps
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X g
Context: seismic tomography W \‘x‘

Velocity field Forward model M) Arrival time d°P®

? Inverse problem ?

(3) Eikonal solver [Noble et al., 2011]

Objective: Estimation of a field (/) accurate, (ii) with
uncertainties, (iii) fast
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Bayesian inference of a physical field
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Bayes formulation

Bayes rule:

Poost (F1d°P%) oc L(d°P|f)mx(f).

Markov Chain Monte—Carlo algorithm:

First proposal

Proposal evaluation

fO
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Iteration
e @ M(f)  Model solve
7 Prior J
L (d™|f) Likelihood
Ppost (f\dObs)Postarior
|
nn+1 J’

Metropolis Hastings criterion
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Bayes formulation

Bayes rule: Poost (F1d°P%) oc L(d°P|f)mx(f).
Markov Chain Monte—Carlo algorithm:

First proposal Proposal evaluation
Tteration 1
fO cration n @ M(f)  Model solve
7 Prior J
L (d™|f) Likelihood
Ppost (f\dObs)Postcrior
|
né<n+1 J

Metropolis Hastings criterion

= Evaluation of M ?
— Polynomial chaos surrogate [Marzouk et al., 2009].
Representation of f 7
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QU g
Representation of the field w \‘2‘2‘

=2 g
XEQ xEQ
(a) Nodal representation (b) Modal representation
x Large number of parameters v Few number of modes
(expensive) v Defined on all the spatial
x Interpolation needed domain
v Easy to implement = Implementation 7
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U g
Karhunen—Loéve decomposition w \‘2‘2‘

f(x) is seen a particular realization of a Gaussian process
G ~ N (0, k), where k is the autocovariance function [Karhunen,
Loéve, 1946, 1977].

f(x) = Z)\l/z x)ni(0), with n; = A; ~1/2 (ui,G)q
(Ui, Ai)ien~ elgenelements of k:

(k(x,-), ui)q = /Q k(x, x")ui(x")dx" = X\jui(x)
m  Bi-orthonormality of the decomposition:

m Vi, j e N*, u;, uj orthonormal, (u;, uj)q = dij,
m 7= (mi)icicr ~ N0 L)

= Ppost(F(1)|d°*®) o L(d°™|F)m(n).
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Karhunen-Loéve decomposition

ONLINE

m Representation of f 7

m Evaluation cost of M ?
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U ’.a.a \
Karhunen-Loéve decomposition \‘2‘:‘

OFFLINE K L decomposition ) PC surrogate
[r—CV uk)m( — 5 G(z,9) ZA” wen(0) ———— M(n) = ZMzL ()

ONLINE

n ) fm) M) = iﬂmwn(m

4
r (duba‘f)
l 4
Ppost (F()|d°™)

m f(n)= Xr: )‘}/2Ui77i with n; = )\i—1/2 (ui,G)q
i=1

M(n) = X M ()
m In reality, k depends on hyperparameters q € H:
G ~ N(0,k(q))
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QU g
Hyperparameters dependency w \‘2‘:‘

OFFLINE K L decomposition o PC surrogate
k= (s W, —— G'(@,0) ZA” wan(#) ———— M(n) = ZAM ()

B ) fm) M) = iﬂmwn(m
4

l 4
Poost (f (m)]d™)

ONLINE

F(n,q) = 3 \i(@)Y2ui(@)n; with 1; = Ai(@)~2 (1i(q), g

i=1

M(n,q) = X, Mcthe(n. q)
m In reality, k depends on hyperparameters q € H:
G ~ N(0,k(q))
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QU g
Hyperparameters dependency w \‘2‘:‘

OFFLINE

PC surrogate

Gyfa.0) = X Ma) uw. @) (6) — Min.q) = i Mope(n,q)

ONLINE
k(g) —— (@), w(@))1<rer

I

— P
n f(n.q) M(n,q) = ;an»(n, q)

4
e (duba‘f)
4

| P (. @)™)

n f(n,q)= éAf(q)1/2ui(q)nf with n; = Ai(q) ™12 (ui(q), G)q
[ M(’ﬂ, q) = >, Mxtbs(n, q)

m Eigenvalue problem at each iteration + difficulties to build M
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U ’.a.a \
Reference basis [Sraj et al., 2016] \‘2‘:‘

vx,x' € Q, k(x,x") = Eg(k(x,x',-)) := /Hk(x,x’,q)ﬂH(q)dq,

The reference eigenelements {T;, \; }ien+, are solution of the
reference eigenvalue problem:

Vx € Q, Vie N, / K(x, X )ai(x')dx = Az (x).
Q

The representation basis does not depends on ¢ anymore.
New field representation is obtained by coordinates transformation:

F(x) = Fr(x) = SN 25;(x)i(g. 0),
Jj=1

where 7);(q, 0 Z/\ 1/2< )2ui(-, q), T > 1i(0)

=bjj(q)
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YUY
Reference basis \‘2‘:‘

OFFLINE PC surrogate

Gy(w.0) = - M@ u(e, @)n(6) — Min.q) = 3 Mbuln.a)

ONLINE
k(q) —— (Mi(@). ui(q))1<k<r

N

— P
n f(n.q) M(n,q) = ;Mu/m(n, q)

4
E (duba‘f)
l 4
Poost (£(11,)[d*™)

F(n,q) = 3 \i(@)Y2ui(@)n; with 1; = Ai(@)~2 (1i(q), g

i=1

M(n,q) = X, Mutu(n, q)

m Eigenvalue problem at each iteration + difficulties to build M
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QU ’.&.&
Reference basis EQ'

OFFLINE K L decomposition PC surrogate

— (A u’”)l<k<r —— G (x,0) Z Ak uk’/]l.(G) 4>M (7) = Z M (R)

ONLINE .
k(g) —— (\e(@), uk(@)1cer —2 b(g)

n Z bij(@)n —— M(A) = Z Mau()

C (d(’b"f)

l 4
Poost (£(11,)[d*™)

ro—1/2_ . . n r
. fln.g)= N2 with (g, 0) == . bi(a)m(6)

n M(A) = 3, Matbi(h)
m b difficult to build + physical sense [Sraj et al., Siripatana et al.,
2016, 2020]
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U g
Change of measure w \‘2‘2‘

Change of coordinates: Sample (n, q)
Fx) = G (x,0) = SN *ai(x)ni(0) with 7;(a,6) = > by(a)ni(0)
i=1 j

Poost (f (1, )|d°™) oc L(d°|f(n, q))r(n)7(a).
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U ’.a.a
Change of measure EQ

Change of coordinates: Sample (n, q)

r

F(x) = G (x,0) = "N *Ti(x)i(8) with 7(q,0) = 3 by(a@)ni(6)
i=1

i=1

Poost(F(1, @)|d°) o< L(d°™|f(n, q))m(n)7(q).
Change of measure: Sample (&, q)

F(x) ~ ZAW ) with € ~ N(0,%(q))

Ppost(F(€)1d°™) oc L(d|F(€))m(&|q)n(q).

The g-dependency is transferred to the coordinates law. The
covariance matrix X(q) writes:

Vi<i,j<r, VqeH, Zu(q) = (X,’Xj)_l/2 <<k(7 K q)?ﬁj>Q an>Q .
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QU p
Workflow w \‘2‘2‘

OFFLINE K-L dccamposﬂon PC surrogate

—— T @) = XA G ——— () = 5 M)

E— (Xk‘ i’“)likér

ONLINE

S(q) «——— k(g) —— (Mi(@). ur(@))1<ker — b(q)

Zb (@)n — M(&/n) = Z M0 (€/7)
L (d" *1f)
’ l

Prost (£(&/m,9)]d*™)

(CoC) (CoM)
s f(n,q)= ZA/L,??, s () = ZA 20

= 7)i(q,0) = ; bij(q)ni(0) s £~ N(0,%(q))
m b(q) ambiguous along g m X is smooth along ¢
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U ’.a.a \
Polynomial chaos surrogates \‘2‘:‘

At each iteration, computation of M(f) and
log ppost (£1d°*®) o< log £(d°*|f) + log mr(q) + log 7(¢|q)

L£(d°™|f) depends on M(f)
£ ~ N(0,%(q)) depends on ¥~1/2 and logdets

Polynomial chaos surrogates: Q(¢) ~ Q(¢) = 3 caPa(¢).

acA
Quality assessment:
m Accuracy: use of RRMSE
N . - .
~ 2 1QM) — Q|12
RRMSE(Q, Q) = 1L|, OIE | .
>z [1QW]

m  Cost reduction: speed (speed-up factor) and number of exact
evaluations
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U g
Transient diffusion equation (WIP) w K:‘:‘

o _ 0 (v)
ot  Ox \ Ox)’
Objective:  comparison with (CoC) method

Finite numerical inaccuracy

For some q, the magnitude of eigenmodes quickly decays.

(co0) bjj(q) set to 0 if A, /A1 < K ~» r =15, 7 modes are really
inferred.

(comy choose r such that mingem Ar(q)/A1(q) > Kk~ r=7
sufficient to explain more than 99.8% of the field variance.

g N. Polette - PFE Presentation 23/02/23 13



% P .
Application to seismic tomography w K:‘:‘

Position (m)
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— True field H
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Velocity field f (m.s™1)

Application case: 1D section of Amoco model [O'Brien et al., 1994] and
location of stations

d°"s: time of arrival, with noise level o = 0.001s
r=20,q={A/0}
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Cea

Application to seismic tomography
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QU \ \
Conclusion w \‘:‘:‘

m Inference method allowing uncertainties estimations while
remaining tractable

m  WIP: comparison of results for transient diffusion equation,
draft article

m Next: Reinference using a posteriori as prior; Extension to
source location by using EOF
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QU \ \
Conclusion w \‘:‘:‘

m Inference method allowing uncertainties estimations while
remaining tractable

m  WIP: comparison of results for transient diffusion equation,
draft article

m Next: Reinference using a posteriori as prior; Extension to
source location by using EOF

Thank you !
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