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1. Context: Detection and analysis of seismic events

Global scale

■ International treaties (CTBT, NTP)

■ Environment monitoring (IMS)

Regional scale

■ Tsunami and earthquake alerts

■ Risk prevention

Local scale

■ Subsurface knowledge

■ Exploitation

Objective: retrieve 𝑆 from 𝑑
- fast

- with accuracy

- with uncertainties

𝐹 𝑆 = 𝑑
𝐹: forward model

𝑆: source parameters

𝑑: data
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1. Context: Inverse problem

Source parameters 𝑺 Observations 𝒅

Forward problem

Solver, 𝐹 𝑆,𝒎 = 𝑑

Inverse problem

Ill posed, 𝑆|𝑑 ?

Uncertainty sources: observations, physical model, model parameters, ...

[Tarantola, 2005] 
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1. Context: Inverse problem

Model parameters 𝒎 Observations 𝒅,

Source parameters 𝑺

Forward problem

Solver, 𝐹 𝑆,𝒎 = 𝑑

Inverse problem

Ill posed, 𝑚|𝑑, 𝑆 ?

Objective: improve uncertainty quantification of model parameters

[Tarantola, 2005] 
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1. Context: Bayesian inference and Markov Chain Monte Carlo

Bayes’ rule : 𝑷 𝒎 𝒅𝒐𝒃𝒔 ∝ 𝑳 𝒅𝒐𝒃𝒔 𝒎 𝑷(𝒎)

Comparison

𝑑 vs 𝑑𝑜𝑏𝑠 (data)

Forward model

Solver 𝐹(𝑚; 𝑆) = 𝑑

Proposition 𝑚(𝑛)

Accept/Reject criterion

New iteration

𝑛 ← 𝑛 + 1

[Sivia,Skilling, 2006] 

[Doucet et al., 2013]
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1. Context: Bayesian inference

Bayes’ rule : 𝑷 𝒎 𝒅𝒐𝒃𝒔 ∝ 𝑳 𝒅𝒐𝒃𝒔 𝒎 𝑷(𝒎)

Comparison

𝑑 vs 𝑑𝑜𝑏𝑠 (data)
Proposition 𝒎(𝒏)

Accept/Reject criterion

New iteration

𝑛 ← 𝑛 + 1

Surrogate model
Polynomial chaos ෪𝑃𝐶 𝑚 = σ𝑘 𝑓𝑘𝛹𝑘 𝑚 = 𝑑

𝑚 infinite dimensional

→ dimension reduction

Parametrization:

- ‘small’ dimension

- fixed dimension

- allowing for various

shapes
?

[Wiener, 1938]

[Ghanem, Spanos, 1991]

[Xiu, Karniadakis, 2002]



Disposition : Titre et contenu

‘small’ dimension

OK fixed dimension

OK allowing for various shapes
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2. Field parametrization: Spatial mesh

∀𝑥 ∈ 𝑥𝑖, 𝑥𝑖+1 , 𝑚 𝑥 = 𝑚𝑖

Parameters: 𝑚𝑖 1≤𝑖≤𝑁𝑚𝑒𝑠ℎ𝑒𝑠



Disposition : Titre et contenu

OK ‘small’ dimension

OK fixed dimension

allowing for various shapes
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2. Field parametrization: Layered velocity model

∀𝑥 ∈ 𝑥𝑖, 𝑥𝑖+1 , 𝑚 𝑥 = 𝑚𝑖

Parameters: 𝑚𝑖 , 𝑧𝑖 1≤𝑖≤𝑁𝑙𝑎𝑦𝑒𝑟𝑠

[Sochala et al., 2021] 
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OK ‘small’ dimension

fixed dimension

OK  allowing for various shapes
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2. Field parametrization: Voronoi tesselation

∀𝑥 ∈ 𝑉(𝑧𝑖), 𝑚 𝑥 = 𝑚𝑖

Parameters: 𝑚𝑖 , 𝑧𝑖 1≤𝑖≤𝑛𝑐 ∪ 𝑛𝑐

[Bodin et al., 2012]

[Piana Agostinetti et al., 2015]

[Belhadj et al., 2018] 
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[Bodin et al., 2012]

[Piana Agostinetti et al., 2015]

[Belhadj et al., 2018] 
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2. Field parametrization: Voronoi tesselation

Add a layer Change a value

Change a depth Remove a layer

OK ‘small’ dimension

fixed dimension

OK  allowing for various shapes

∀𝑥 ∈ 𝑉(𝑧𝑖), 𝑚 𝑥 = 𝑚𝑖

Parameters: 𝑚𝑖 , 𝑧𝑖 1≤𝑖≤𝑛𝑐 ∪ 𝑛𝑐
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2. Field parametrization: Modal representation

OK ‘small’ dimension

OK fixed dimension

allowing for various shapes~

𝑚 𝑥 = ෍

𝑖=1

𝑟

𝑈𝑖 𝑥 𝑤𝑖

Parameters: 𝑤𝑖 1≤𝑖≤𝑟

[Marzouk, Najm, 2009] 



Disposition : Titre et contenu

30/05/2024Field Parametrization for Bayesian Inference - POLETTE Nadège 13

2. Field parametrization: Karhunen-Loève decomposition

Assuming 𝑚 is the realization of a random process with autocovariance function 𝑘

𝑚 𝑥 = ෍

𝑖=1

𝑟

𝜆𝑖𝑢𝑖 𝑥 𝜂𝑖

(𝜆𝑖 , 𝑢𝑖)1≤𝑖≤𝑟 eigenelements of 𝑘:   𝑘 𝑥,⋅ , 𝑢𝑖 = Ω׬ 𝑘 𝑥, 𝑦 𝑢𝑖 𝑥 𝑑𝑥 = 𝜆𝑖𝑢𝑖(𝑦)

The decomposition is bi-orthonormal:

 𝑢𝑖 , 𝑢𝑗 Ω
= 𝛿𝑖,𝑗

 𝐸 𝜂𝑖 = 0, and 𝐸 𝜂𝑖𝜂𝑗 = 𝛿𝑖,𝑗

In the case of a Gaussian process, we have 𝜼 ∼ 𝑁(0,1)

[Karhunen, 1946]

[Loeve, 1977]

[Marzouk, Najm, 2009] 



Disposition : Titre et contenu

30/05/2024Field Parametrization for Bayesian Inference - POLETTE Nadège 14

2. Field parametrization: Karhunen-Loève decomposition

Assuming 𝑚 is the realization of a random process with autocovariance function 𝑘

𝑚 𝑥 = ෍

𝑖=1

𝑟

𝜆𝑖𝑢𝑖 𝑥 𝜂𝑖

[Karhunen, 1946]

[Loeve, 1977]

[Marzouk, Najm, 2009] 

= η1 + η2 + … + η19 + 𝜂20

𝜼 ∼ 𝑁(0,1)
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Bayes’ rule : 𝑷 𝜼 𝒅𝒐𝒃𝒔 ∝ 𝑳 𝒅𝒐𝒃𝒔 𝜼 𝑷(𝜼)

Comparison

𝑑 vs 𝑑𝑜𝑏𝑠 (data)
Proposition 𝜼(𝒏)

Accept/Reject criterion

New iteration

𝑛 ← 𝑛 + 1

Surrogate model
Polynomial chaos ෪𝑃𝐶 𝜼 = σ𝑘 𝑓𝑘𝛹𝑘 𝜼 = 𝑑

2. Field parametrization: Karhunen-Loève decomposition

𝜼 ∼ 𝑁(0,1)

OK ‘small’ dimension

OK fixed dimension

allowing for 

various shapes
~

[Marzouk, Najm 2009] 

Problem : how to choose 𝒌 ?
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3. Change of measure: Objective

Assuming 𝑘 is a Gaussian autocovariance function: 𝑘 𝑥, 𝑦 = 𝐴 exp
− 𝑥−𝑦 2

2𝑙2

It depends on two hyperparameters : 𝒒 = {𝐴, 𝑙}

𝑚 𝑥 = ෍

𝑖=1

𝑟

𝜆𝑖(𝒒)𝑢𝑖 𝑥, 𝒒 𝜂𝑖

= η1 + η2 + … + η19 + 𝜂20

𝜼 ∼ 𝑁(0,1)

Large 𝑙

= η1 + η2 + … + η19 + 𝜂20

Small 𝑙
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3. Change of measure: Objective

Assuming 𝑘 is a Gaussian autocovariance function: 𝑘 𝑥, 𝑦 = 𝐴 exp
− 𝑥−𝑦 2

2𝑙2

It depends on two hyperparameters : 𝒒 = {𝐴, 𝑙}

 Hyperparameters are determined a priori

→ expert judgement, MSE, LOOCV…

Overconfidence risk

Large 𝑙

Small 𝑙

Field realizations

[Rasmussen, Williams, 2015]

𝑚 𝑥 = ෍

𝑖=1

𝑟

𝜆𝑖(𝒒)𝑢𝑖 𝑥, 𝒒 𝜂𝑖
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3. Change of measure: Objective

Assuming 𝑘 is a Gaussian autocovariance function: 𝑘 𝑥, 𝑦 = 𝐴 exp
− 𝑥−𝑦 2

2𝑙2

It depends on two hyperparameters : 𝒒 = {𝐴, 𝑙}

 Hyperparameters are determined a priori

→ expert judgement, MSE, LOOCV…

Overconfidence risk

 Hyperparameters are inferred during the procedure

→ Bayes’ rule : 𝑷 𝜼, 𝒒 𝒅𝒐𝒃𝒔 ∝ 𝑳 𝒅𝒐𝒃𝒔 𝜼, 𝒒 𝑷(𝜼, 𝒒)

Expensive
Large 𝑙

Small 𝑙

Field realizations

[Rasmussen, Williams, 2015]

[Tagade, Choi, 2014]

[Sraj et al., 2016] 

𝑚 𝑥 = ෍

𝑖=1

𝑟

𝜆𝑖(𝒒)𝑢𝑖 𝑥, 𝒒 𝜂𝑖



Disposition : Titre et contenu

30/05/2024Field Parametrization for Bayesian Inference - POLETTE Nadège 19

3. Change of measure: Objective

Assuming 𝑘 is a Gaussian autocovariance function: 𝑘 𝑥, 𝑦 = 𝐴 exp
− 𝑥−𝑦 2

2𝑙2

It depends on two hyperparameters : 𝒒 = {𝐴, 𝑙}

 Hyperparameters are determined a priori

→ expert judgement, MSE, LOOCV…

Overconfidence risk

 Hyperparameters are inferred during the procedure

→ Bayes’ rule : 𝑷 𝜼, 𝒒 𝒅𝒐𝒃𝒔 ∝ 𝑳 𝒅𝒐𝒃𝒔 𝜼, 𝒒 𝑷(𝜼, 𝒒)

Expensive

Objective : develop a cheap method to take into

account hyperparameters

Large 𝑙

Small 𝑙

Field realizations

[Rasmussen, Williams, 2015]

[Tagade, Choi, 2014]

[Sraj et al., 2016] 

𝑚 𝑥 = ෍

𝑖=1

𝑟

𝜆𝑖(𝒒)𝑢𝑖 𝑥, 𝒒 𝜂𝑖
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3. Change of measure: Reference basis

⇒ The 𝒒-dependency is transferred to the prior law of the coordinates 𝝃

We introduce a reference kernel ത𝑘 = 𝐻׬ 𝑘 ∙,∙, 𝒒 𝑑𝒒 .

The reference basis ഥ𝑢𝑖 , ഥ𝜆𝑖 1≤𝑖≤𝑟
are the eigenelements of ത𝑘: ׬Ω

ത𝑘 𝑥, 𝑦 ഥ𝑢𝑖 𝑥 𝑑𝑥 = ഥ𝜆𝑖 ഥ𝑢𝑖 𝑦 .

The field decomposition writes

→ Bayes’ rule : 𝑷 𝝃, 𝒒 𝒅𝒐𝒃𝒔 ∝ 𝑳 𝒅𝒐𝒃𝒔 𝝃 𝑷 𝝃, 𝒒 = 𝑳 𝒅𝒐𝒃𝒔 𝝃 𝑷 𝝃|𝒒 𝑷(𝒒)

Hierarchical Bayes formulation:

[Sraj et al., 2016]

[Polette et al., 2024] 

𝑚 𝑥 = ෍

𝑖=1

𝑟

ഥ𝜆𝑖 ഥ𝑢𝑖 𝑥 𝜉𝑖



Disposition : Titre et contenu

30/05/2024Field Parametrization for Bayesian Inference - POLETTE Nadège 21

3. Change of measure: Reference basis

The field decomposition writes

How is defined 𝑷 𝝃 𝒒 ? [Sraj et al., 2016]

[Polette et al., 2024] 

𝑚 𝑥 = ෍

𝑖=1

𝑟

ഥ𝜆𝑖 ഥ𝑢𝑖 𝑥 𝜉𝑖 , 𝝃 ∼ 𝑃 𝝃 𝒒

Reference basis

Large 𝑙

Small 𝑙

= 𝜉1 + 𝜉2 + … + 𝜉19 + 𝜉20
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3. Change of measure: Formulation

Eigenvalues decay according to the basis Variance of 𝝃 according to the hyperparameters

Prior law of the reference coordinates according to the hyperparameters:

Σ(𝒒) is the double projection of the 𝒒-dependent kernel on the reference basis

𝑚 𝑥 = ෍

𝑖=1

𝑟

ഥ𝜆𝑖 ഥ𝑢𝑖 𝑥 𝜉𝑖, 𝝃 ∼ 𝑁(0, Σ 𝒒 ) 𝑤𝑖𝑡ℎ Σ 𝒒 𝑖,𝑗 = ( ҧ𝜆𝑖 ഥ𝜆𝑗)
−1/2 𝑘 ⋅,⋅, 𝒒 , ഥ𝑢𝑖 , ഥ𝑢𝑗
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3. Change of measure: Sampling

Hierarchical sampling: 𝝃 ∼ 𝑁 0, Σ 𝒒 , the prior distribution of 𝝃 can be highly sensitive to 𝒒

Introduction of an auxiliary variable ത𝜻 whose prior

law does not depend on hyperparameters

 Sample ത𝜻 ∼ 𝑁(0,1), 𝒒

 Compute 𝝃 ∼ 𝑁(0, Σ 𝒒 ) from (ത𝜻, 𝒒) sample:

𝝃 = Σ(𝒒)1/2ത𝜻

The proposition is not symmetric anymore, the 

ratio of the transition probabilities become

Σ 𝒒 Covariance projected on (𝜉8, 𝜉6) space

[Betancourt, Girolami, 2013] 

𝑝(𝝃 𝑛 , 𝒒 𝑛 |𝝃⋆, 𝒒⋆)

𝑝(𝝃⋆, 𝒒⋆|𝝃(𝑛), 𝒒(𝑛))
=

det Σ 𝒒⋆

det(Σ(𝒒 𝑛 )

1/2
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3. Change of measure: Summary

with 𝝃 ∼ 𝑁(0, Σ 𝒒 )

Bayes’ rule : 𝑷 𝝃, 𝒒 𝒅𝒐𝒃𝒔 ∝ 𝑳 𝒅𝒐𝒃𝒔 𝝃 𝑷 𝝃 𝒒 𝑷(𝒒)

Comparison

𝑑 vs 𝑑𝑜𝑏𝑠 (data)
Proposition 𝝃 𝒏 , 𝒒(𝒏)

Accept/Reject criterion

New iteration

𝑛 ← 𝑛 + 1

Surrogate model
Polynomial chaos ෪𝑃𝐶 𝝃 = σ𝑘 𝑓𝑘𝛹𝑘 𝝃 = 𝑑

OK ‘small’ dimension

OK fixed dimension

OK allowing for 

various shapes

𝑚 𝑥 = ෍

𝑖=1

𝑟

ഥ𝜆𝑖 ഥ𝑢𝑖 𝑥 𝜉𝑖 ,
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4. Results: Case presentation

 Based on a realistic velocity model (Amoco Tulsa Research Lab)

 2D velocity field, varies only along depth

 Ω = 0,750 𝑚, 23 stations × 5 events, noise level 0.002𝑠

 Velocity field writes 𝑣 𝑥 = exp(𝜇 + σ𝑖=1
𝑟 ഥ𝜆𝑖 ഥ𝑢𝑖 𝑥 𝜉𝑖)

 𝑙 ∼ 𝑈 10,100 , 𝐴 ∼ 𝐼𝐺(21,1), 𝑟 = 20, 𝜇 ∼ 𝑈(6.9,8.1)
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4. Results: with fixed hyperparameters

⇒ Using the same basis for both fields does not allow to distinguish them

LW l10

𝑙 = 10

Small wavelength field Large wavelength field

𝑙 = 80
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4. Results: with the change of measure method

SW ref LW ref

Small wavelength field Large wavelength field
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4. Results: with the change of measure method

SW ref ell

distrib
LW ref ell

distrib

⇒ The coupled inference allows testing various field shapes but is not intended to select a ‘best’ 

hyperparameter value

Small wavelength field Large wavelength field
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■ Change of measure: efficient algorithm for velocity field 
inference 

■ Dimension reduction

■ Enlarge a priori parametrization: uncertainties are less 
ruled by the model selection

■ Without large computational cost increase

■ Generalizable to other inverse problems

■ Uncertainty propagation to other quantities (eg location)

■ Development of adaptive methods

Thank you !
nadege.polette@cea.fr

Conclusion

Field Parametrization for Bayesian Inference - POLETTE Nadège

Keywords: inverse problem, (hierarchical) Bayesian inference, surrogate

models (polynomial chaos), Markov Chain Monte Carlo, Dimension 

reduction, Karhunen-Loève decomposition
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Appendix : discrete field
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Appendix : non stationnary field
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Appendix : non stationnary field


