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Bayesian Framework
Guiding example:

y = f (x) + ε, with ε ∼ N (0, θ−1IM) (1)

Bayes’ law:
ppost(x, θ|y) = L(y |x, θ)p(x, θ)

p(y) , (2)

where x ∈ RN are unknown parameters to estimate
y ∈ RM are the observations,
θ > 0 is the error precision,
L(y |x, θ) ∝ θM/2 exp

(
−θ
2 ‖f (x)− y‖22

)
is the likelihood,

p(x, θ) is the prior and
p(y) =

∫
x∈RN ,θ>0

L(y |x, θ)p(x, θ)dxdθ is the evidence.
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Objective
Bayes’ law:

ppost(x, θ|y) = L(y |x, θ)p(x, θ)
p(y) , (2)

Objective: We want to sample from ppost(x, θ|y) and/or
estimate statistics of this posterior distribution.
Direct simulation:

� Monte–Carlo sampling: draw (x, θ) ∼ ppost(·|y)
� Approximation with an usual law → guess for the search space

and for the points to evaluate
� Inverse CDF method (1D)
� Rejection sampling
� Importance sampling: typically used for rare event estimation
� . . .

These methods produce independent samples.
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Objective
Bayes’ law:

ppost(x, θ|y) = L(y |x, θ)p(x, θ)
p(y) , (2)

Objective: We want to sample from ppost(x, θ|y) and/or
estimate statistics of this posterior distribution.
Problem: In general, we only know ppost up to a multiplicative
factor: the evidence

� We can compare two propositions:
ppost(x1, θ1|y) > ppost(x2, θ2|y) ?

� But we cannot assign a density probability
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Numerical integration
Principle: we want to estimate

∫
Ω
q(x)dx

� deterministic: quadrature rules low error, difficult in high
dimension O(ed) ∫

Ω
q(x)dx '

∑
i
wiq(x(i)) (3)

� stochastic: Monte–Carlo sampling high variance O( 1√
n ), OK

in high dimension

E [f (x)] =
∫

Ω
f (x)p(x)dx ' 1

N

N∑
i=1

f (x(i)) with x(i) ∼ p(x)
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What is a Markov Chain ?
Markov Chain: (X (i))16i6N ∈ Rd×N such that

p(X (k)|X (16i6k−1)) = p(X (k)|X (k−1)) = ptr(X (k−1),X (k)) and X (0) ∼ ν

X (1) ptr(X (1),·)−−−−−−→ X (2) ptr(X (2),·)−−−−−−→ · · · ptr(X (N−1),·)−−−−−−−−→ X (N)

p((X (i))16i6N) = ν(X (0))
N∏

i=1
ptr(X (i−1),X (i))

Detailed balance: π(X )ptr(X ,X ′) = π(X ′)ptr(X ′,X )
π is the stationnary distribution of the Markov Chain.

Utility: define ptr such that ∀ν,

p(X (N)) = ν(X (0))pN
tr(X (0), ·) −−−−−→

N→+∞
π = ppost(X |y)

[Note the slight abuse of notation between X random variable and x real]
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Markov Chain Monte–Carlo algorithm

First proposal

X(1)

Proposal evaluation

X(n)

π
Prior

L(y|X) Likelihood

Bayes' rule: π(X)L(y|X) ∝ πpost (X|y)
Posterior

Transition X(n+1) ∼ ptr(X
(n), ·)

Iteration n

n← n+ 1
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Gibbs sampling
Objective: Sample from π = ppost(X |y)
Principle: Knowing X (k), X (k+1) is computed as follows

ptr(X (k),X (k+1)) =
d∏

i=1
ppost(Xi |X (k)

j>i ,X
(k+1)
j<i , y)

The elements of X are updated one by one, using their marginal
distributions.
When to use it ? Need to have access to the marginal
distributions

ppost(Xi |X (k)
j>i ,X

(k+1)
j<i , y) =

L(y |X )p(Xi |X (k)
j>i ,X

(k+1)
j<i )

p(y |X (k)
j>i ,X

(k+1)
j<i )

Example: Conjugate priors
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Gibbs example
Guiding example:

y = f (x) + ε = Ax + ε, with ε ∼ N (0, θ−1IM)

ppost(x, θ|y) = L(y |x, θ)p(x, θ)
p(y) ,

with p(x, θ) = px (x)pθ(θ), x ∼ N (0, I) and θ ∼ Gamma(α, β).

Knowing (x(k), θ(k)), we can draw (x(k+1), θ(k+1)) as follows
� θ

(k+1)
|x(k),y ∼ Gamma(M

2 + α, 12 ‖Ax − y‖22 + β)

� x(k+1)
|θ(k+1),y ∼ N ( 2Ay

A>A+θ−1 , (θA
>A + 1)−1)
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Gibbs example - illustration
� Consider p(θ|x (n))
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Gibbs example - illustration
� Draw θ(n+1) ∼ p(θ|x (n))
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Gibbs example - illustration
� Draw x (n+1) ∼ p(x |θ(n+1))
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Metropolis–Hastings algorithm
Objective: Sample from π = ppost(X |y), when marginals not
available
Principle: Knowing X (k), X (k+1) is computed as follows

� Propose X ∗ (e.g. random walk: X ∗ ∼ N (X (k),K ))
� Compute ppost(X ∗|y) ∝ L(y |X ∗)p(X ∗)
� Draw a random variable u ∼ U(0, 1)
� Update X

X (k+1) =
{

X ∗ if u < min (1, rMH)
X (k) else,

rMH is the Metropolis–Hastings ratio

rMH = p(X ∗)ptr(X ∗,X (k))
p(X (k))ptr(X (k),X ∗)
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MH example
Guiding example:

y = f (x) + ε, with ε ∼ N (0, θ−1IM)

ppost(x, θ|y) = L(y |x, θ)p(x, θ)
p(y) ,

with p(x, θ) = px (x)pθ(θ), x ∼ N (0, I) and θ ∼ Gamma(α, β).
Knowing (x(k), θ(k)), we can draw (x(k+1), θ(k+1)) as follows

� (x∗, θ∗) ∼ N ((x(k), θ(k)),K )
� Accept/reject (x∗, θ∗) with MH criterion
→ Animation !
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Combined example
� Gibbs is a particular case of MH sampling
� Gibbs and MH are simple building blocks for more difficult

samplings

Guiding example:

y = f (x) + ε, with ε ∼ N (0, θ−1IM)

ppost(x, θ|y) = L(y |x, θ)p(x, θ)
p(y) ,

with p(x, θ) = px (x)pθ(θ), x ∼ N (0, I) and θ ∼ Gamma(α, β).
Knowing (x(k), θ(k)), we can draw (x(k+1), θ(k+1)) as follows

� θ
(k+1)
|x(k),y ∼ Gamma

(
M
2 + α, 12 ‖Ax − y‖22 + β

)
� x∗ ∼ N (x(k),K )
� Accept/reject x∗ with MH criterion
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Auxiliary variables
Problem: the conditional sampling can be slow if the
parameters are highly dependent
Basic solution: Reparametrization
Example: Sample (x , θ, q) such that (x , θ) ∼ N (0,C(q))
(hierarchical formulation)

(a) q = 10 (b) q = 60 (c) q = 98

Solution: sample Y ref ∼ N (0, I2), q ∼ pq and compute
(x , θ) = C(q)1/2Y ref . [Betancourt and Girolami, 2013]
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MCMC convergence
� MCMC produces dependent samples

� Burn-in phase vs sampling phase: discard the K first iterations
from the analysis.

� In order to explore the whole search space, it is better to use
several medium-length parallel MCMC chains rather than an
only large-length one.

� Way to monitor the convergence
� Effective sample size (ESS) based on Autocorrelation function

(ACF) approximation [Vats et al., 2019]
� Gelman-Rubin diagnostic [Brooks and Gelman, 1998]
� Acceptance rate (in the case of MH)
� Visual aids
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MCMC proposals
Objective: define K , the proposal covariance of the random walk
X ∗ ∼ N (X (N),K ).
General form: K = lr× α× Ĉov

� Gaussian approximation empirical rule: the covariance
proposal scaling factor must be close to [Gelman et al., 1996]

α = 2.382/d

� Burn-in phase: covariance proposal adaptation (Animation !).
Every m iterations,

K ← lr× α× Ĉov(X (1),...,(N)) [Haario et al., 2001]

� Burn-in phase: use it to adapt the learning rate. For instance,
every m iterations,

lr←


1.2lr if AR > 0.5,
0.8lr if AR < 0.15,
lr else.
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Illustrations learning rates

(a) lr = 0.1 (b) lr = 1.2 (c) lr = 10
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Transdimensional RJ-MCMC
Objective: Explore propositions of different dimensions
Example: Model selection (gaussian mixture with number of
gaussian undetermined, Gaussian/Matern kernel, polynomial
degree. . . ), Voronoï representation. . .
Principle: At each iteration, multiple choices (randomly selected)

� Change a parameter
value/position

� Remove a parameter
� Add a parameter

[Piana Agostinetti et al., 2015]

Voronoï cells example [Bodin et al.,
2012]
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Extensions based on optimization
Example of simulated/parallel tempering: ptemp = p(1−k)pk

post

(a) k = 0 (b) k = 0.2

(c) k = 0.5 (d) k = 1
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Hamiltonian (Hybrid) Monte Carlo
Idea: use gradient information to faster explore the posterior
distribution
Physical analogy: with M the mass matrix and φ the
momentum (auxiliary variable)

H(X , φ)︸ ︷︷ ︸
Hamiltonian

= − log(ppost(X |y))︸ ︷︷ ︸
Potential energy

+ 1
2φ
>M−1φ︸ ︷︷ ︸

Kinetic energy

. (4)

The numerical integrator
� preserves the total energy

(in theory)
� preserves the volume

element
� is time-reversible

[Duane et al., 1987], [Betancourt, 2018], [Fichtner et al., 2019]
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Hamiltonian Monte Carlo algorithm
� For each MCMC iteration:

� Draw a momentum φ ∼ N (0,M), initialize Y ∗ ← Y (n)

� Leapfrog (Stormer-Verlet) scheme (given L and ε):
� φ← φ+ 0.5ε∇ log ppost(Y ∗)
� Y ∗ ← Y ∗ + εM−1φ
� φ← φ+ 0.5ε∇ log ppost(Y ∗)
� Repeat

� Accept with probability min
[
1, exp(−H(Y ?) + H(Y (n)))

]
Animation !
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Hamiltonian Monte Carlo properties
� Optimal acceptance rate around 65% (> MH acceptance rate

(around 25%))
� Choice of mass matrix M: by default I or Fisher information

matrix
� Dealing with restricted areas: refuse, or bounce, or transform
� Tuning parameters ε and L: updated during burn-in phase to

improve acceptance rate
� More sophisticated algorithms: no U-Turn (Animation !),

Riemaniann HMC (Animation !). . .
[Hoffman and Gelman, 2011], [Girolami and Calderhead, 2011]
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Presentation of Stan
� Software for statistical modeling and high-performance

statistical computation
� Available standalone or as a module (R, Python, shell,

MATLAB, Julia, Stata)
� Contains

� full Bayesian statistical inference with MCMC sampling:
NUTS-HMC

� approximate Bayesian inference with variational inference:
Pathfinder and ADVI

� penalized maximum likelihood estimation with optimization
https://mc-stan.org/
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Presentation of Stan

p(x, θ)

L(y |x, θ)
Stan ppost(x, θ|y)

For visualization: Arviz (Python)
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Presentation of Stan
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Conclusion

� Sampling useful in the case
of intractable evidence

� General methods = building
blocks

� Existence of other methods
(e.g. Variational Bayes, see
Charlie’s presentation !)

Thank you !
nadege.polette@cea.fr

Keywords: Sampling, Bayesian, MCMC
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