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Context
� Earthquake event analysis thanks to inverse problem solving

� Problem: the inversion depends on uncertain model parameters, e.g. the velocity field

� Objective: improvement of the source parameter uncertainties

� Focus: development of a new parametrization for the velocity field
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Mathematical framework

First proposal

f (0)

Proposal evaluation

f (n)

π
Prior

Comparison d vs dobs (data) Likelihood

Forward model
M(f ; s) = d

Bayes' rule: π(f)L(dobs|f) ∝ πpost
(
f |dobs

)
Posterior

Metropolis�Hastings criterion

Iteration n

n← n+ 1

� Goal: to characterize the field f thanks to indirect observations dobs,
knowing source parameters s

� Probabilistic framework:
Bayesian inference with Markov Chain Monte Carlo sampling

⇒ How to express f and its prior in a small dimensional space ?

indirect observations

dobs=M (s ; f )+εPhysicalmodel :

forward model
source

parameters
velocity field

noise
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Karhunen–Loève representation

Assumption: f ∈ L2(Ω) is a particular realisation of a Gaussian process N (0, k(q)).
In fact, k depends on hyperparameters q that are difficult to choose a priori.

Karhunen–Loève formulation

The field propositions write

f (x,η, q) =

r∑

i=1

λi(q)1/2ui(x, q)ηi, with

{
π(η) is N (0, I),
(λi(q), ui(q)) eigenelements of k(q).

If q is not fixed, the posterior quantity becomes

πpost(f (η, q)|dobs) ∝ L(dobs|f (η, q))π(η, q).

How to choose the autocovariance function k ?
For instance, we choose k to be a squared exponential autocovariance function with
different correlation lengths l, i.e.

k(x, y, q = {l}) = exp

(
−‖x− y‖2

2l2

)
.

0 20 40 60
Eigenvalue number i

10
14

10
11

10
8

10
5

10
2

10
1

i

k(l = 10)
k(l = 50)
k(l = 100)
k

yEigenvalue decay for different bases
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Change of measure (CoM) method (in prep.)

⇒ We present a method to explore the hyperparameters space during the
inference, while mitigating the computational cost.

� We use a reference basis that does not depend on hyperparameters (Sraj et al., 2016),

� We transfer the q-dependency to the coordinates prior,

Hierarchical formulation

The field propositions write

f (x, ξ) =

r∑

i=1

λ
1/2

i ui(x)ξi, with

{
π(ξ) depending on q,

(λi(q), ui(q)) reference eigenelements.

The posterior quantity becomes πpost(f (ξ), q|dobs) ∝ L(dobs|f (ξ))π(ξ|q)π(q),

with ξ ∼ N (0,Σ(q)), where Σ(q)ij = (λiλj)
−1/2 〈〈k(q), ui〉Ω , uj〉Ω,

i.e. Σ(q) is the double projection of the q-dependent kernel on the reference basis.

0 20 40 60
Eigenvalue number i

10
3

10
2

10
1

10
0

10
1

10
2

(l)
ii

l = 10
l = 50
l = 100

Proposal evaluation for CoM method

ξ(n)

q(n) Σ(q)

ξ ∼ N (0,Σ(q))

π(ξ|q)π(q)

L(dobs|f(ξ))

πpost
(
f(ξ), q|dobs

)

yOnline workflow for the CoM.

y ξ prior variance.
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Application (seismic tomography problem, inspired by the realistic model Amoco Tulsa Research Lab (O’Brien, 1994))

yPosterior field distributions with fixed hyperparameters value

The posterior is strongly
constrained by the choice of
l and using a fixed l does
not allow distinguishing
various field shapes.
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yPosterior field distributions with the change of measure method.

Small wavelength field Large wavelength field
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The sampling of the
hyperparameters space
improves the uncertainties
estimation and allows
distinguishing the two fields.
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Conclusion and perspectives

� The CoM is a fast and accurate method to provide uncertainties on a physical field.

� The sampling of the hyperparameters space is highly valuable to mitigate
overconfidence on the posterior field distribution.

� Further work:

� Propagation of the uncertainties to source location

� Adaptive inference


